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The faithful exhange of quantum information will soon beome one of the hallenges of the
emerging quantum information tehnology. One of the possible solutions is to transfer a superposi-
tion through a hain of properly oupled spins. Suh a system is alled a quantum wire. We disuss
the transfer in a quantum wire [1, 2, 3℄, when the proess of thermalization of the state takes plae
together with the free evolution. We investigate whih enoding sheme is more faithful in ertain
thermal onditions.
I. INTRODUCTION
The emerging quantum information tehnology ele-
vates faithful exhange of quantum states to the rank
of an important problem. Quantum mehanis allows to
send information even without any ow of energy. One
possibility is the teleporation [4℄. It is a proedure, in
whih one partiipant performs a measurement on a par-
tile in an unknown state and one more partile to an-
noune its result. Having reeived this message, the other
party an reprodue the teleported state on his quantum
system (the original is destroyed). This sheme relies
on the resoure of quantum entanglement, whih might
be diult to produe. Another option is to use a line
of mutually oupled spins− 12 representing quantum bits
(qubits). This oupling should be a natural interation,
rather than a sequene of on-demand SWAP gates, to
minimize the amount of the external ontrol. A uniform
Heisenberg hain with uniform nearest neighbor oupling,
like in Sr2CuO3 [5℄, is not eient as a quantum wire.
Its free evolution is only quasi-periodi, but not periodi.
As a result, information enoded at one end of the hain
will spread over the whole system, never to refous at the
other. This problem was addressed by e.g. Bose [6℄, and
subsequently by Burgarth, Giovannetti, and Bose [7℄. In
the latter artile the reeiver performs at ertain times
the partial SWAP operation. This time-dependent ation
gradually transfers the enoded message to an auxiliary
qubit. This solution an provide an arbitrarily lose to
perfet transmission, but requires a preise ontrol and
a relatively large omputing power, as the partial swap
should be in orrespondene to the free evolution of the
state.
An alternative system was proposed by Christandl et
al. [1℄, and independetly by Nikolopoulus [2, 3℄. They
designed a spin hain with modulated interspin oupling
onstants and a periodi free evolution. Whihever state
from the ertain subspae (the one, in whih exatly one
spin-
1
2 is pointing up, rather than down, giving the total
z-magetization equal to N/2−1, herein alled one quasi-
partile subspae or OQS) is reated at the beginning of
evolution, it is mirrored with respet to the middle of the
hain after one half of the period. This sheme was then
attempted to be rened by Kay [8℄, who investigated the
role of non-nearest neighbor interations.
This feature enables to enode a logial qubit in a few
dierent ways. Following e.g. [1℄ one an (a) enode it
in the subspae of the state in whih all spins are aligned
with respet to the z-axis and one of the states spanning
OQS, in partiular, the one in whih the rst spin of the
hain is anti-parallel to the rest. Another possibility is
found in [9℄, where the Authors propose (b) using the
dual rail, that is two independent hains. An exitation
in one of them will enode the logial |0〉, in the other
 the logial |1〉. The seond sheme requires not only a
writing head,
|0〉in|00〉ab → |0〉in|10〉ab,
|1〉in|00〉ab → |0〉in|01〉ab, (1)
where the subsript in denotes the input data qubit and
a, b are two initial spins, but also a read-out head:
|10〉cd|0〉out|0〉h → |00〉cd|0〉out|0〉h,
|01〉cd|0〉out|0〉h → |00〉cd|1〉out|0〉h,
with c, d being the nal qubits, outthe target qubit, and
hthe head anilla. In presene of deoherene, the head
should reognize the message as destroyed and set the
target qubit state maximally mixed when the two nal
spins are o-aligned with respet to the z-axis:
|00〉cd|0〉out|0〉h → 1√
2
|01〉cd(|0〉out|1〉h + |1〉out|2〉h)
|11〉cd|0〉out|0〉h → 1√
2
|10〉cd(|0〉out|1〉h − |1〉out|2〉h).
Also, we an propose yet another enoding (): |0〉 is
physially represented by a ip of the rst spin, |10...0〉,
whereas logial |1〉 is assoiated to a ip of the seond
qubit, |01...0〉. The ode utilizes the same heads as (b),
but only one wire.
The aim of this report is to study the robustness of
enodings (a) and () against the interation of the wire
with an external heat bath. The dual-rail sheme is not
onsiedered, as we assume that doubling the number of
spins makes the system more sensitive to thermalization.
The problem of deoherene of a quantum wire was al-
ready disussed in a number of papers [10, 11, 12, 13℄.
However, in these artiles the Authors have onsidered
errors addressed to individual spins. Herein, we rather
2onsider oupling with the heat bath through the eigen-
states of the Hamiltonian, whih (exept for some ases)
leads to the Gibbs state ρ = 1/Z exp(−βH). Here,
β = 1/(κT ), T stands for the temperature of the heat
bath, κ denotes the Boltzmann onstant, H is the Hamil-
tonian and Z = Tr exp(−βH) is the partition funtion.
The motivation for this approah ould be that in some
systems, the wavelengths orresponding to transitions
due to deoherene are muh longer than the physial
length of a wire. In the regime of long waves it is di-
ult to onsider loalized errors.
II. FORMULATION OF PROBLEM
We start with the Hamiltonian similar to the one given
in [1, 2, 3℄,
H = J
N−1∑
i=1
√
i(N − i)(σxi σxi+1 + σyi σyi+1). (2)
σx and σy are the x- and y- omponents of the Pauli
matries vetor (together with σz), the subsript denotes
the spin being ated on, and J = π is hosen suh that
the period of the free evolution is 1. It is neessary to
adopt the onvention that the operator ating on the spin
with the lower number stands in front of the other.
The only dierene is that while most Authors onsider
the Heisenberg interation of the type ~σi · ~σi, we rather
onsider the exhange terms, σxi σ
x
j + σ
y
i σ
y
j . This is not
relevant for the perfet state transfer, nevertheless, we
an take the advantage of the exat solvablity of 1-D
xy spin− 12 models, rst shown by Katsura [14℄. Whih
interation atually ours is a harateristi of a used
physial system.
The rst step to diagonalize (2) is to perform the
Jordan-Wigner transformation. By hoosing
aˆi =
1
2
(∏i−1
j=1 σ
z
j
) (
σxj + iσ
y
j
)
, (3)
aˆ†i =
1
2
(∏i−1
j=1 σ
z
j
) (
σxj − iσyj
)
, (4)
one onstitutes the anonial anti-ommutation relations
(CAR), {aˆi, aˆ†j} = δi,j , {aˆi, aˆj} = 0, and gets σxi σxi+1 +
σyi σ
y
i+1 = aˆ
†
i+1aˆi+ aˆ
†
i aˆi+1. Hene (2) an be expressed in
terms of modes of non-interating quasi-fermions:
H = Aˆ†HOQSAˆ, (5)
with Aˆ = (aˆ1, ..., aˆN )
T
and HOQS representing the pro-
jetion of the Hamiltonian onto OQS. It is now lear, that
the state |0〉⊗N = |Ω〉 is the quasi-fermioni vauum and
OQS is spanned by one quasi-fermion states.
In some physial implementaions of the wire, e.g., those
based on Josephson juntions (see e.g. [15, 16℄), we
an also equip eah quasi-fermion with some energy of
its reation (expressed as frequeny ω) by adding the
magneti term
ω
2
∑N
i=1(1 − σzi ) (~ = 1) to the Hamilto-
nian. This orresponds to replaing HOQS in (5) with
HOQS + ω1N×N . Herein, we will work in the limit of
ω ≫ JN . The energy of the state is pratially deter-
mined by the number of quasi-fermions. On the other
hand, this will ause fast osillations of the relative phase
between, e.g., the vauum state and a state of one quasi-
fermion. Thus we hoose ω/(2π) as a large, even integer.
The phase will then osillate an integer number of times
within half of the period and these osillations an be
negleted.
The seond major step in the solution of Katsura is
a unitary transformation of the quasi-fermioni modes,
cˆi =
∑N
j=1 bij aˆj , whih preserves CAR. While the Fourier
transform is used in [14℄, in our ase the partiular trans-
formation is the one, whih diagonalizes HOQS . Note
that elements of {bij} an be always hosen real. Keep-
ing in mind our hoie of the period, we get
H =
N∑
i=1
(Ei + ω)cˆ
†
i cˆi, (6)
where Ei = −(N − 1)π,−(N − 3)π, ..., (N − 1)π for N
even and Ei = −(N − 1)π, ..., 0, ..., (N − 1)π for N odd.
The Reader will notie that in sheme (a) for even N
the transfered state experienes a phase ip. One may
either hange ω by π or let the reeiver orret this de-
formation manually.
The transfer proedure is as follows. On demand, the
state of the wire is brought to the vauum state. For
ω > (N − 1)π this an be done by ooling the system.
Subsequently, the transmitee state is is enoded to the
rst (a) or the rst two () spins of the hain. The re-
eiver waits half of the period and deodes the message at
his end. On top of the free evolution, as we assume, the
wire is oupled to an external heat bath. This oupling
ours through the Hamiltonian eigenmodes and shall
be seen as annihilation or reation of quasi-fermions in
the wire, aompanied by annihilating or reating bosons
in the external eld. Let us take the probability per
unit time of loosing ith quasi-fermion as γi and, aord-
ing to the quantum detailed balane ondition [17℄, the
probability per unit time of the inverse proess reads
γi exp(−β(ω+Ei)). Hene the master equation governing
the evolution [18℄ is
∂ρ
∂t
= L(ρ)
= −i[H, ρ]
+
N∑
i=1
γi
2
(
2cˆiρcˆ
†
i − cˆ†i cˆiρ− ρcˆ†i cˆi
)
+
N∑
i=1
γi
2
exp(−β(ω + Ei))
(
2cˆ†iρcˆi − cˆicˆ†iρ− ρcˆicˆ†i
)
.
(7)
It is noteworthy that, sine the ation of L involves
3the energy states, one an neglet the free evolution and
instead study the delity of the image of the initial state.
Deoherene will most generally at on the state as the
following map:


1
σx
σy
σz


out
=


1 0 0 0
0 λxx 0 λxz
0 0 λyy λyz
λz0 λzx λzy λzz




1
σx
σy
σz


in
. (8)
The quantity of our interest is the average delity, F =∫ |〈|ψ|inρout|ψ〉in|2dµ(|ψ〉in) (∫ dµ(|ψ〉in) = 1). From (8)
we nd it to be F = 12 (1+(λxx+λyy+λzz)/3). There are
two important thresholds on mean delity. If it equals
1
2 ,
no eort was taken for the transmission. If it is not above
2
3 , no quantum information was transfered. Equally well,
the sender ould have performed a measurement on his
qubit and announe the result. The reeiver ould then
have aligned his spin respetively to the message.
III. ANALYTICAL RESULTS
In this setion we investigate eets of deoherene in
the limit of weak oupling, γi → 0. Then, at half of the
period of the free evolution, when the transfer should
have ourred, the state is lose to:
ρ 1
2
= |ψ0〉〈ψ0|+ 1
2
L(|ψ0〉〈ψ0|)
= |ψ0〉〈ψ0|
+
N∑
i=1
γi
2
(cˆi|ψ0〉〈ψ0|cˆ†i
− 1
2
cˆ†i cˆi|ψ0〉〈ψ0| −
1
2
|ψ0〉〈ψ0|cˆ†i cˆi)
+
N∑
i=1
γi
2
exp(−β(Ei + ω))(cˆ†i |ψ0〉〈ψ0|cˆi
−1
2
cˆicˆ
†
i |ψ0〉〈ψ0| −
1
2
|ψ0〉〈ψ0|cˆicˆ†i , )
(9)
where |ψ0〉 is the initial state.
In order to extrat the elements of the map, we send
the Pauli operators, rather than states. Enoding (a)
involves the following operators to onstrut the initial
states:
1
(a) = |Ω〉〈Ω|+ aˆ†1|Ω〉〈Ω|aˆ1, (10)
σz(a) = |Ω〉〈Ω| − aˆ†1|Ω〉〈Ω|aˆ1, (11)
σ+(a) = |Ω〉〈Ω|aˆ1 (12)
(σ± = 12 (σ
x ± iσy), (σ+)† = σ−), while in enoding ()
we have
1
(c) = aˆ†1|ω〉〈Ω|aˆ1 + aˆ†2|Ω〉〈Ω|aˆ2, (13)
σz(c) = aˆ†1|Ω〉〈Ω|aˆ1 − aˆ†2|Ω〉〈Ω|aˆ2, (14)
σ−(c) = aˆ†1|Ω〉〈Ω|aˆ2. (15)
Consequently the average delities read
F (a) = 1
+
1
24
Tr(aˆ†1L(σ
z(a))aˆ1 − aˆ1L(σz(a))aˆ†1)︸ ︷︷ ︸
=2F
(a)
z
+
1
6
Traˆ1L(σ
+(a))︸ ︷︷ ︸
=F
(a)
xy
(16)
F (c) = 1
+
1
24
Tr(aˆ1PL(σ
z(c))P aˆ†1 − aˆ2PL(σz(c))P aˆ†2︸ ︷︷ ︸
=2F
(c)
z
+
1
6
Traˆ†2PL(σ
+(c))P aˆ1︸ ︷︷ ︸
= 12 (F
(c)
x +F
(c)
y )
. (17)
P = aˆ1aˆ
†
1aˆ
†
2aˆ2 + aˆ
†
1aˆ1aˆ2aˆ
†
2 is the projetor ruling out the
ase of the two spins being aligned in the z diretion.
Plugging (7) to the above we get that at innite tem-
perature (β = 0) F
(c)
x = F
(c)
y = F
(c)
z = −
∑N
i=1 γi(b
2
i1 +
b2i2), F
(a)
z = −
∑N
i=1 2γib
2
i1, and F
(a)
xy =
∑N
i=1 γi(b
2
1i − 2).
Thus, independently of oupling onstants, the enoding
() is more robust against the weak thermalization than
(a). In partiular, when ∀iγi = Γ One gets F (c) = 1− Γ2
and F (a) = 1−ΓN3 . For long hains at high temperature,
deoherene quikly removes the quantum features of the
transferred information in sheme (a).
Considering the limit of T → 0 and the ase of
ω > (N − 1)π in the same fashion, one gets that F (a) =
1 − 14
∑N
i=1 γi and F
(c) = 1 − 12
∑N
i=1 γib
2
1i. In fat, in
this ase (7) is exatly solvable and gives F (a)(t) = 12 (1+∑N
i=1 exp(−γit/2)) and F (c)(t) = 12 (1 +
∑N
i=1 exp(−γit).
This is beause all states are irreversibly transformed into
the vauum state, whih alone annot transfer any infor-
mation.
These two results show that the advantage of one en-
oding over the other depends on thermal onditions. At
low temperatures, delities in both shemes deay expo-
nentially, but in () the deay is faster. At high tem-
peratures, on ontrary, deoherene in sheme (a) ats
mainly on oherenes, with the strength proportional to
N . Note that the high temperature behavior disussed
above is true, independently of ω and γis
Let us now pass to the detailed disussion on the
sheme (). Let us assume ω → ∞. We thus take the
resaled inverse temperature, β′ = ωβ. We also take
∀iγi = γ. It was onrmed numerially that
F (c)(Γ, t) ≈ 1
2
(1− pap(Γ, t) exp(−a1 exp(−β′)Γ2t2))
(18)
and
pap(Γ, t) ≈ p1(Γ, t) exp(−a2 exp(−β′)Γ2t2)). (19)
Here, when we swith o the free evolution, pap(Γ, t) is
the probability that the two spins are anti-parallel with
4respet to the z-axis. p1(Γ, t) is the probability that the
whole system ontains exatly one quasi-fermion. Hene
p1(Γ, t) an be found from the lassial master equation
for populations.
Numeris show that a1 = 2 and a2 = N − 2.
This allows to interpret equations (18,19). The fator
exp(−β′)Γ2 is a produt of per-unit-time probabilities of
subsequent annihilating and reating (or the otherwise)
a quasi-partile. This an be seen as a ollision of the
quasi-fermion with eld boson; the number of partiles
(and in this speial ase, the energy of the wire) is on-
served, but quantum numbers hange. The value of a2
shows that (19) is the eet of annihilation of the quasi-
fermion in 2-dimensional subspae of OQS arrying the
information, and its reation in the remaining, irrelevant
(N − 2) dimensions of OQS. Relation (18) should then
orrespond to swaps within the essential 2D spae. Note
that a1 is expeted to be 1, rather than 2, as ompared to
a2. This is beause the deohered state not only looses
its overlap with its original, but also has an inreased
salar produt with the other state.
A similar, but more omplex behavior of F (c) with re-
spet to p1 an be observed even if ω is not signiantly
larger than maxEi or the absorbsion/emission rates are
not uniform. In either ase, the deay is expeted to
be rather of the type F (c) ≈ 12
(
1 + p1
∑
i ki exp(−lit2)
)
,
with ∀ili > 0,
∑
i ki = 1 and li's being exponentially de-
aying funtions of β. The reason for this ompliation is
that now every ollision involving a given pair of quasi-
fermions happens at its own rate. However, this tells us
that the delity of transfer is at least upper bounded by
(1 + p1)/2, whih, in general, an be obtained from the
solution of the Pauli equation for diagonal elements of ρ.
IV. NUMERICAL RESULTS
In the following setion we will disuss the ompeti-
tion between the enoding strategies on few potentially
interesting examples.
The rst ase is of ω ≪ 1/τ and ∀iγi = Γ. This allows
us to introdue a new sale for temperature, β′ = ωβ.
The numerial simulation was done for N = 6 (Figure 1)
and N = 7 (Figure 2). Te sheme () is more faithful in
the whole region plotted in Figures 1 and 2. While the
region of F (c) > 2/3 (left from solid lines) seems to be
stable with N , the part ofthe plot with of F (a) > 2/3
(left from dotted lines) is larger for N = 6 and N = 7.
Consequently, the grey part of the plot, where we have
F (c) > F (a), shrinks.
As ω lessens, the wire might experiene a series of
quantum phase transitions. As an be seen from eqn.
(6), the rst suh transitions for the onsidered length
of N = 6 happens at ω = 5π. It is a hange of the
ground state from the quasi-fermioni vauum to a state
from OQS. This phase transition aets the proess
of thermalization at nite temperatures. The Figure 4
presents urves F(a) = 2/3, F(c) = 2/3 and the region of
0
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FIG. 1: Fidelity thresholds for enodings (a) and () forN = 6
and ω〉∞ as funtions of Γτ and β′. In all Figures, F (c) > 2/3
ours on the left from the solid line, F (a) > 2/3 is left from
the dotted urve, and the region of F(c) > F(a) is olored gray.
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FIG. 2: Fidelity thresholds for enodings (a) and () forN = 6
and ω →∞ as funtions of Γτ and β′.
F(c) > F(a) for ω = 5.01π. The oupling onstants have
been taken γi = γ(Ei + ω)
2
. The quadrati dependene
of γis on the energy would follow from the fat that the
oupling strength should be proportional to the density
of modes of the given frequeny.
We observe that sheme () is advantageous over (a)
only at very low temperatures. The advantage soon van-
0.10
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0.00
0.5 1.0 1.5
2.0
F -F
Gt
(c) (a)
FIG. 3: Plots of F(c) − F(a) at β
′
= 0 for N = 6 (dotted) and
N = 7 (solid).
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FIG. 4: Fidelity thresholds for enodings (a) and () forN = 6
and ω = 5.01pi as funtions of γτ and β.
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FIG. 5: Fidelity thresholds for enodings (a) and () forN = 6
and ω = 4pi as funtions of γτ and β.
ishes to return for higher γτ , but for these values, neither
of the shemes allows to send the state oherently.
The next value of ω, whih is potentially interesting,
is 4π. As we have argued in the previous paragraph.
OQS plays a speial role in sheme (). For 3π < ω <
5π, the ground state lies in that subspae, hene one
ould expet a higher eieny of the two-spin enoding.
For the mode, for whih ω + Ei < 0, rhe roles of the
absorbsion and the emission are interhanged. Again,
γi = γ(ω + Ei)
2
. Figure 5 shows that, as ompared to
the previous ase, () is more robust against deoherene
only at high temperatures. However, at β = 0 (a) is
never more optimal.
Finally, we investigate the ase of ω = 0 an γis as
above. This seems to be a natural regime for spin-based
implementation of the wire. We would like to make a
note, that, in general, (7) might be not suient as a
model of deoherene. For N odd, there exist a mode
of the total energy 0, whih is hene not oupled to the
environment. In suh a ase, one should also inlude
proesses involving more than one quasi-fermion. These
events an be taken neglibly unlikely as ompared to the
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FIG. 6: Fidelity thresholds for enodings (a) and () forN = 6
and ω = 0 as funtions of γτ and β.
most probable one quasi-fermion transitions. Within our
model, we are still able to make some estimates with al-
ulations for N = 6. Figure 6 suggests that the sheme
(c) provides a higher delity than (c), even at low tem-
peratures. F(a) > F(c) was never observed at β = 0.
V. SUMMARY
In this artile, we have addressed the problem of the
interation of a quantum wire with an external heat bath
during the state transfer. We have taken a simple ase of
xx inter-spin oupling and the hange of quasi-fermions
from the wire into bosons from the external eld, and
vie verse, as an elementary proess of deoherene. We
have ompared two strategies of enoding: (a), when two
logial states are enoded into two states of one physi-
al qubit, and (), when eah logial state orresponds
to a ip of dierent spin. The dual-rail senario (b) has
been disarded, basing on the assumption that the overall
eet of thermalization is stronger on the bigger infras-
truture.
Our thermalization model ould be suitable for hains,
whih ouple to waves longer than the physial length
of the wire. This is the ase, when spin-spin intera-
tions are weak. Long wavelengths allow to address the
onstituents of the hain olletively, rather than eah of
them individually. They are also responsible for the high
suseptibility of the system to temperature. Hene in re-
alisti implementations, the high T regime will be of a
great relevane.
In general, neither of the shemes is more optimal than
the other. We have proven that at β = 0 and for some
time () is more faithful than (a), regardless of values
of γis. We have also shown numerially, that the latter
sheme is more robust even at lower temperatures in two
interesting ases of ω →∞ and ω = 0. One should point
out, however, that for large ω the advantage of () over
(a) was onsiderably smaller for the longer hain.
A ompliated ompetition between the enodings
6originates from two dierent behaviors of the enoded
state. In the single spin enoding, the o-diagonal ele-
ments of the state, whih express the superpositions of
dierent number of quasi-partiles, are most aeted. In
ase of two-spin enoding, we deal with the migration
of partiles, and their ollisions. Initially, ollisions are
highly probable, As time (or γis) grows, the deay of -
delity due to ollisions beomes dominant. Eventually,
sheme (a) turns out to be more faithful.
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